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In this work we study chaotic mixing induced by point micro-rotors in a bounded two dimensional
Stokes flow. The dynamics of the pair of rotors, modeled as rotlets, are non Hamiltonian in the
bounded domain and produce chaotic advection of fluid tracers in subsets of the domain. A complete
parametric investigation of the fluid mixing as a function of the initial locations of the rotlets is
performed based on pseudo phase portraits. The mixing of fluid tracers as a function of relative
positions of micro-rotors is studied using finite time entropy and locational entropy. The finite time
locational entropy is used to identify regions of the fluid that produce good vs poor mixing and
this is visualized by the stretching and folding of blobs of tracer particles. Unlike the case of the
classic blinking vortex dynamics, the velocity field of the flow modeled using rotlets inside a circular
boundary is smooth in time and satisfies the no slip boundary condition. This makes the considered
model a more realistic case for studies of mixing in microfluidic devices using magnetic actuated
microspheres.
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I. INTRODUCTION
Mixing and transport of fluids in the low Reynolds
number regime is an important challenge that has gained
considerable attention over the years [1–3]. As a con-
sequence of weak fluid inertia, viscous diffusion and
chaotic advection are the dominant modes of mixing in
low Reynolds number flows. Viscous diffusion unfolds
over microscopic length scales and by itself is insufficient
to achieve fast mixing in most microfluidic applications
which require rapid mixing. This underscores the im-
portance of advective effects for stretching and folding
of fluid material lines that in turn enhance viscous dif-
fusion by increasing the area of contact between fluids
being mixed. Various means of achieving rapid advective
microfluidic mixing have been proposed over the years
[4] which can be classified broadly into active and pas-
sive mixing methods. Active mixing mechanisms induce
large scale motion of the fluid by directly influencing the
fluid by means of mixing elements driven by force fields
such as electric/magnetic or acoustic fields that compen-
sate for the lack of fluid inertia [5–7] and can achieve
high mixing quality especially in the vicinity of the mix-
ing elements. Passive methods of mixing involve altering
the boundary conditions of the flow so as to maximize
the area of contact between fluids being mixed. This is
usually achieved by incorporating geometric features in
the path of the fluid flow [8] or by altering the path itself
such that fluid stretches and folds into finer scale struc-
tures [9]. Passive methods are high throughput methods
and achieve a more uniform mixing than active methods.
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The quality of passive mixing however, is directly depen-
dent on the duration of time the fluid spends within the
mixing geometry necessitating the need for longer mi-
crofluidic channels.
Naturally occurring micro-swimmers have been known
to induce mixing of the surrounding fluid during locomo-
tion [10, 11]. They accomplish this by continuously stir-
ring the fluid around them as they swim, thus making up
for the weak inertia of the fluid. Inspired by these stud-
ies, artificial micro-swimmers have gained attention as a
means to mix and predictably manipulate fluids at small
scales [12, 13]. While many different micro-swimmer
morphologies have been proposed in these works and
others, one of the simplest synthetic micro-swimmers
that can be studied for this purpose is a self propelled
spinning particle. Grzybowski demonstrated the self-
assembly of spinning rotors in a plane [14, 15] and later
Campbell and Grzybowski used these ideas to experimen-
tally demonstrate the possibility of mixing using magnet-
ically driven rotors [16]. More recently, Ballard et.al [17]
demonstrated microfluidic mixing due to magnetic micro-
beads using experiments and lattice Boltzmann simula-
tions. These and other experimental investigations [18] of
magnetic or otherwise driven-particles have shown their
effectiveness for micro-mixing applications.
The dynamics of such spinning particles or ’micro-
rotors’ were recently studied numerically [19, 20] where
the flow generated by the micro-rotors were modeled us-
ing a rotlet velocity field. The rotlet also known as a
couplet is a solution to the stokes equation with a point
torque inhomogeneity [21, 22]. Meleshko and Aref [23]
showed that blinking rotlets under circular confinement
could be an effective model to study mixing in viscous
flows where they present the blinking rotlet as a viscous
analogue of the paradigmatic blinking point vortex in
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2inviscid flows pioneered by Aref [24]. In these studies
the location of the blinking singularities are fixed in the
domain and the singularities themselves do not interact
with each other.
In the present paper we investigate the mixing of the
fluid induced in a circular domain due to the dynamic
evolution of the positions of a pair of interacting rotlets.
A pair of interacting rotlets can exhibit rich dynamics in
a circular domain due to the effects of the boundary. In
the absence of a boundary, the dynamics of interacting
rotlets has a Hamiltonian structure with linear and an-
gular momentum being integrals of motion. In a circular
domain, the linear and angular momentum are no longer
conserved and their motion is non integrable. This is in
contrast to the problem of two point vortices in a circu-
lar domain, which is known to be integrable and produces
quasiperiodic motion of the vortices, [25]. Nevertheless
the dynamics of the two rotlets are nearly Hamiltonian.
Furthermore the dynamics of a passive tracer induced
by the pair of rotlets is the restricted three rotlet prob-
lem and exhibits chaotic motion. We investigate the dy-
namics of passive tracers advected by the flows generated
by micro rotors using finite time locational entropy. We
show that the nearly Hamiltonian structure of the dy-
namics of the pair of rotlets can be used to classify rotlet
motions that produce better good mixing of the fluid in
the domain. The present study of mixing is semi active; a
physical realization of the rotlets requires continuous ac-
tuation, say via a time periodic magnetic field that can
exert a torque on magnetic spheres and keep the spheres
spinning. However the motion of the spinning spheres
through the domain is purely due to the hydrodynamic
interaction between the spheres and the boundary and
mixing of the fluid that is induced does not have to di-
rectly controlled. Recent work has shown that a pair
of magnetic spheres can be steered in a circular domain
by a spatially uniform magnetic field as a single control
input, [26, 27] making the microrotors steerable mobile
micromixers.
II. DYNAMICS OF ROTLETS
The flow due to a spinning micro particle (shaped as
flat disc or a sphere) can be modeled as a singular torque
in a quiescent, viscous fluid. In the vanishing Reynolds
number limit, the governing equation of motion for fluid
is the Stokes equation. In this regime a micro particle
spinning with a constant angular velocity ω in an other-
wise quiescent fluid requires a constant torque to balance
the viscous hydrodynamic torque. The disturbance ve-
locity field in the plane of the particle generated by such
a spinning micro particle can be modeled by that of a
Stokes singularity called the rotlet [28]. This disturbance
velocity is given by
u(x) = −γkˆ × x− x0||x− x0||2 . (1)
for a rotlet located x0 = (x0, y0), where γ is the strength
of the rotlet with the associated stream function being
ψ(x, y) = γ ln |x − x0|2. The velocity field generated by
the two dimensional rotlet in an unbounded domain is
topologically the same as that generated by an ideal point
vortex. Analogous to the classical point vortex which can
be thought of as the intersection of a 3D vortex filament
and a plane perpendicular to it [29], a point rotlet can
be considered to be the intersection of an infinitesimal
spinning particle and a horizontal plane passing through
its center. In the absence of any boundaries or other sin-
gularities in its vicinity, the rotlet is fixed in position and
the flow is associated with circular streamlines around
the location of the singularity.
In an assembly of N rotlets in a plane with locations
(xi, yi) for i ∈ [1, N ], each rotlet is advected by a velocity
that is a linear superposition of the velocities induced by
all the other rotlets. The motion of the i-th rotlet can
then be expressed by,
dxi
dt
=
j=N∑
j=1,j 6=i
γj
(yi − yj)
R2ij
dyi
dt
=
j=N∑
j=1,j 6=i
−γj (xi − xj)
R2ij
(2)
where, the square of distance between the i-th and j-th
rotlet is given by R2ij = (xi − xj)2 + (yi − yj)2.
The interaction of N rotlets in an unbounded domain
has a Hamiltonian structure and conserves the linear and
angular impulse [19]. These integrals of motion preclude
chaotic motion in the dynamics of three of fewer rotlets.
This also precludes the chaotic advection of a fluid by
the motion of two rotlets. This is because the interac-
tion of a two rotlets and a tracer can be treated as a re-
stricted three-rotlet problem with the third rotlet having
zero strength. However mixing of fluid is usually per-
formed in a bounded domain. We show that when the
fluid domain is bounded, as it is in practical applications,
the motion of two rotlets can produce chaotic advection
of the fluid. Specifically we consider the mixing of fluid
due to the dynamics of two rotlets confined to the interior
of a unit circle.
The dynamics of rotlets in a circular domain of radius
a, differ significantly compared to those in an unbounded
domain. The velocity of the fluid on the circular bound-
ary has to be zero. These boundary conditions can be
satisfied by the method of images. The stream function
governing the motion of the fluid, due to the presence
of a rotlet of strength γ1 located at (x1, y1), such that√
x21 + y
2
1 = r1 ≤ a derived by Ranger [30] and Aref and
Meleshko [23] is,
ψ1(x, y) = γ1
(
lnA1(x, y)− lnB1(x, y) + C1(x, y)
B1(x, y)
)
(3)
3where
A1(x, y) = (x− x1)2 + (y − y1)2
B1(x, y) =
[(
x− x1 a
2
r21
)2
+
(
y − y1 a
2
r21
)2]
r21
a2
C1(x, y) =
(
1− x
2 + y2
a2
)(
a2 − (x2 + y2) r
2
1
a2
)
.
The first term in (3) is associated with the velocity of the
fluid due to a rotlet in an unbounded domain. The sec-
ond part of the stream function −γ1 lnB1(x, y) ensures
that the velocity of the fluid on the boundary has no nor-
mal component. This term is in fact the stream function
due to an image vortex placed at a location outside the
circle according to the Milne-Thomson circle theorem.
The third term C1(x,y)B1(x,y) ensures that the zero slip condi-
tion on the boundary is satisfied. This is unique to the
viscous flow setting and leads to significant differences in
the motion of rotlets inside the circle as compared to that
of point vortices.
When N rotlets are present in a circular region, each
rotlet experiences a velocity due to the other N−1 rotlets
and their image systems and its own image system,
x˙i =
N∑
j=1,j 6=i
γj
∂
∂yi
lnAj(xi, yi) +
N∑
j=1
−γj ∂
∂yi
lnBj(xi, yi)
+
N∑
j=1
γj
∂
∂yi
(
Cj(xi, yi)
Bj(xi, yi)
)
y˙i =
N∑
j=1,j 6=i
−γj ∂
∂xi
lnAj(xi, yi) +
N∑
j=1
γj
∂
∂xi
lnBj(xi, yi)
−
N∑
j=1
γj
∂
∂xi
(
Cj(xi, yi)
Bj(xi, yi)
)
. (4)
The velocity of a rotlet is a linear combination of two
components. One component of this velocity (the terms
containing lnAj and lnBj), denoted by (x˙iv, y˙iv) is sim-
ilar to the velocity experienced by point vortices and the
second component is a velocity induced by the zero slip
velocity condition (the terms containing
Cj
Bj
, denoted here
after as (x˙is, y˙is). Equation (4) can be rewritten as
x˙i = x˙iv + x˙is
y˙i = y˙iv + y˙is. (5)
Two special cases of integrable Hamiltonian dynamics
arise from (5). The first is the simple case of N = 1.
In this case the Hamiltonian is H1 = −γ(lnB1(x1, y1)−
C1(x1,y1)
B1(x1,y1)
) with x˙1 =
1
γ1
∂H1
∂y1
and y˙1 = − 1γ1 ∂H1∂y1 the system
is completely integrable. It can be verified that when a
single rotlet is present in a circular domain, its distance
from the center of the circle remains invariant. The sec-
ond case of Hamiltonian dynamics arise when consider-
ing the motion of two point vortices instead of rotlets, i.e.
C(x, y) = 0, x˙is = 0 and y˙is = 0 (see [25]). A direct cal-
culation shows that the angular impulse I = γ1r
2
1 + γ2r
2
2
is invariant, where r2i = x
2
i +y
2
i . Therefore the motion of
two point vortices in a circular domain is integrable [25].
Apart from these special cases, in the general case of
the motion of two rotlets, the zero slip velocity condition
on the circular boundary, no longer conserves the angular
impulse. A direct computation using (5) verifies that
γ1(x1x˙1s + y1y˙1s) + γ2(x2x˙2s + y2y˙2s) 6= 0.
It can be shown that equations (5) are not Hamiltonian
for N > 1. For if a Hamiltonian exists H(xi, yi), then
x˙i =
1
γi
∂H
∂yi
and y˙i = − 1γi ∂H∂xi . This would imply the
canonical ∂x˙i∂xi +
∂y˙i
∂yi
= 0 which (5) satisfy. However
the existence of a Hamiltonian would also imply that
∂x˙i
∂yj
− ∂x˙j∂yi = 0. Because of the no slip condition on the
boundary, ∂x˙is∂yj −
∂x˙js
∂yi
6= 0 while ∂x˙iv∂yj −
∂x˙jv
∂yi
= 0. There-
fore the system (5) is not Hamiltonian.
While the system (5) is not integrable when N > 1,
the dynamical system (5) is nearly Hamiltonian in the
sense that if x˙is  x˙iv and y˙is  y˙iv, then x˙i ≈ 1γi ∂H∂yi
and y˙i ≈ − 1γi ∂H∂xi . This can occur in two scenarios. The
first is when the effects of the boundary are ‘small’, i.e.
both the rotlets are far from the boundary, r2i << a
2. In
this case the dynamics of (4) approximate the dynamics
of two rotlets in an unbounded domain. The second case
occurs when the two rotlets are far from each other but
close to the boundary. In this case the interaction be-
tween the rotlets is weak and the motion of each rotlet is
almost decoupled from that of the other and the system
is nearly Hamiltonian. This nearly Hamiltonian nature
of the system can be used to parameterize the solutions
of (5) in terms of two variables η defined as
r21 = I − η and r22 = I + η (6)
and θ = θ1 − θ2 and θ1 = tan−1
(
y1
x1
)
and θ2 =
tan−1
(
y2
x2
)
. Figure 1 shows the trajectories of the two
rotlets for three different initial conditions for γ1 = γ2 =
1.
(a)I(0) = 0.1 (b)I(0) = 0.7 (c)I(0) = 0.15
FIG. 1. Trajectories of the pair of rotlets for three sam-
ple initial conditions (I(0), η(0) = 0, θ(0) = pi/2), with
(x1(0) = 0, y1(0) =
√
I(0)) and (x2(0) =
√
I(0), y2(0) = 0).
(a) (I(0) = 0.1, (b) I(0) = 0.7 and (c) I(0) = 0.0.32.
Unlike [25] for the problem of two point vortices in a
circular domain, I is no longer conserved. The solutions
4to (5) obtained through a numerical simulation for a va-
riety of initial values of I(0), η(0) and θ(0) can be plotted
as a pseudo phase portrait of η(t) vs θ(t). Three distinct
pseudo phase portraits are seen as the parameter I(0)
varies; with the approximate intervals of I found from
numerics being I < 0.119 fig. 2(a); for 0.119 < I < 0.22
fig. 2(d) and for I > 0.22 fig. 2(b)-(c). These are not
true phase portraits since each apparent orbit actually
fills out a small area. This is true even for the nearly
Hamiltonian cases of small I(0) and large I(0) shown in
figs. 2(a)-(b), while in fig. 2(c), the trajectories show
clear intersections. The variations in I(t) show a sim-
ilar pattern. When I(0) = 0.32 an intermediate value
I(t) shows large variations, fig. 2(c), while in the other
two nearly Hamiltonian cases, I(t) shows small varia-
tions, fig. 2(a)-(b). The second column in fig. 2 shows
the variations in I(t) for initial conditions of (η(0), θ(0))
that produce the large variations in I(t) for each corre-
sponding case of I(0). These large variations occur in
the region of the homoclinic and heteroclinic trajectories
of the apparent saddle type fixed points in fig. 2(a)-
(c). For small I(0), the pseudo phase portrait shown in
fig. 2(a) is nearly identical to the phase portrait of the
two vortex system, shown in [25], while for the range
0.119 < I < 0.22 the pseudo phase portrait fig.2(d) is
topologically similar to the one case of two point vor-
tices but in the range where 0.21374 < I < 0.29038.
The pseudo portraits for I > 0.22 shown in fig.2(b)-(c)
are unique to the case of the two rotlets. These pseudo
phase portraits provide a basis for classifying the mixing
properties of the fluid in the domain due to the motion
of the rotlets.
III. MIXING OF FLUID DUE TO A PAIR OF
ROTLETS IN A CIRCULAR DOMAIN
The two rotors act as stirrers whose location in the
domain varies quasiperioically. To investigate mixing of
the fluid in the circular domain, the equations of motion
of the rotlets, (4), have to be augmented by the advection
equation for a fluid tracer that is not collocated with any
of the N rotlets. A fluid tracer is advected with a velocity
that is a superposition of the velocities induced by each
rotlet and each of the corresponding image singularities.
If the location of a fluid tracer is denoted by (x, y), then
the velocity (ux, uy) of the fluid tracer is given by the
advection equation
ux =
N∑
i=1,
∂ψi
∂y
uy =
N∑
i=1,
−∂ψi
∂x
. (7)
Two interpretations are possible for the equations of
advection of a fluid particle in the domain. The advection
equations (7) can model a two dimensional time depen-
dent dynamical system, where the explicit time depen-
dence is through the positions of the N rotlets, which can
be obtained from (4). Following this the trajectories of a
(a)I(0) = 0.1
t
0 1 2 3 4
I/I
(0)
1
1.005
1.01
1.015
(e)
(b)I(0) = 0.7
t
0 1 2 3 4
I/I
(0)
1
1.01
1.02
1.03
1.04
(f)
(c)I(0) = 0.32 t
0 1 2 3 4
I/I
(0)
1
1.05
1.1
1.15
1.2
(g)
(d)I(0) = 0.15
t
0 5 10 15 20
I/I
(0)
1
1.05
1.1
1.15
(h)
FIG. 2. First column : Pseudo phase portraits of η vs θ.
Second column: Plots of variations of I(t) normalized by I(0);
I(t)
I(0)
. (a)-(e) I(0) = 0.1, (b)-(f) I(0) = 0.7, (c)-(g) I(0) = 0.32
and (d)-(f) I(0) = 0.15.
fluid particle are allowed to self-intersect in the domain.
A second possible interpretation is that equations (4), (7)
define a time independent 2N+2 dimensional dynamical
system, a restricted planar 3-rotlet system. We will adopt
the first view and treat the advection of fluid particles
as a two dimensional time dependent dynamical system,
where the time dependence comes from the quasiperiodic
motion of the rotors. The velocity of the fluid in the cir-
cular domain is then defined by the vector field (ux, uy).
Let the time dependent flow map for this dynamical sys-
tem be denoted by φtt0(x(t0), y(t0)) : 7→ (x(t), y(t)). The
flow map φtt0 takes as input an initial condition (xt0 , yt0)
and maps it to the solution of the dynamical system at
time t.
It is easy to see that mixing of the fluid is poor in
the special case when N = 1. A single rotlet in the
domain moves only due to the influence of the boundary,
5i.e., its advection is due to the image singularity system
alone. The velocity of the rotlet (x˙1, y˙1) given by (4) is
Hamiltonian and the quantity I = x21 + y
2
1 is conserved.
The rotlet moves along a circle with a constant speed and
its motion is periodic. The dynamics of a rotlet and a
tracer particle in the fluid therefore reduce to a restricted
two rotlet case. The velocity of a tracer given by (7) is
periodic (but nonlinear) and no mixing of the fluid occurs
in a large part of domain.
When two rotlets are present in the circular domain,
more complex dynamics of the rotlets as well as the fluid
particles ensue. We restrict our attention to the simplest
case of two same spin rotlets, which is the minimal case
where fluid mixing is possible. The same spin is moti-
vated by the practical realization of identical spinning
magnetic microspheres whose spin velocities generated
by a magnetic field are equal. These mixing dynamics
depend upon the region of the fluid that the rotlets visit.
Obviously the dynamics of the rotlets, (4) themselves
depend on the distance between the two rotlets, d and
distance between each rotlet and the center of the circle,
r1 and r2. This large parameter space is numerically ex-
plored by using the underlying nearly Hamiltonian struc-
ture of the system and the three qualitatively distinct
pseudo phase portraits. Initial conditions for the system
are chosen in terms of η and θ for different initial values
I(0).
An analytical solution of the flow map is not possible
and we use numerical simulations of (7) to investigate
the evolution of arbitrary blobs of fluid. The mixing of
the fluid is quantified by a Shannon entropy field, which
has also been referred to as locational entropy [31, 32]. In
spirit and in formal computation the locational entropy
is the same as finite time entropy field [33]. An entropy
field is the locational entropy associated with different
subsets of the domain which can identify regions of good
(or fast) mixing and regions of poor (or slow) mixing.
This is better suited to the current problem because the
dynamics of tracer particles do not have a common ratio-
nal time period in the entire domain, precluding the use
Poincare maps. The entropy field is calculated as follows.
The domain is divided in n subsets denoted by
{B1, B2, ..., Bn}. From the perspective of studying mix-
ing, each subset initially contains a species of particles
unique to that box, with a total of n species of particles
in the entire domain. The advection of the fraction of
the fluid material from a box Bi to box Bj is
pij =
µ(φtt0(Bi) ∩Bj)
µ(Bi)
(8)
where µ denotes the Lebesgue measure. Equation pij
can also be interpreted as the probability that the set
Bi will be mapped to into set Bj by the flow map φ
t
t0 .
In computational approximation of this probability, each
subset Bi is chosen to be of an equal area and each subset
is seeded with the same number of fluid particles. The
locational entropy is defined as
Sj = −
n∑
i=1
pij ln pij (9)
if pij 6= 0 and zero otherwise. The normalized total en-
tropy is
S =
1
lnn
n∑
j=1
Sj . (10)
The total entropy is normalized such that when S = 1
perfect mixing occurs, with any subset in the fluid do-
main containing equal fractions of all the species of par-
ticles. Regions of the fluid domain with low locational
entropy identify sets that are poorly mixed.
A. Numerical Simulations
In our simulations, we chose the number of subsets (i.e.
species of particles) to be n = 225 and the number of par-
ticles of each species to be 240. A wide range of initial
conditions for the rotlets were chosen to investigate the
mixing of the fluid due to their motion. The initial val-
ues of the quantity I(0) of the rotlet-pair were chosen in
a large range to represent the dynamics for each type of
pseduo phase portrait shown in fig. 2. For each value
of I(0), the initial conditions (θ(0), η(0)) spanned all the
qualitatively different level sets shown in fig.2. The to-
tal entropy S for each case was computed along with
the locational entropy to identify the subsets of the four
dimensional phase space (of the two rotlet system) pa-
rameterized by (I(0), θ(0), η(0)) that produce good and
poor mixing.
The graphs in the center of the fig. 3 show the vari-
ation in the entropy S for different initial positions of
the rotlets. These initial positions are categorized based
on the initial values of I(0), θ(0) and η(0). Here it is
once again emphasized that the parameter I(0) is not
conserved but along with the pseudo phase portraits are
nevertheless useful to understand the mixing of the fluid.
The parameter η(0) quantifies the initial asymmetry in
the distance of each rotlet from the center. Plots of
the entropy field are shown for some initial conditions
of (I(0), θ(0), η(0)). The graph of S and the plots of
the locational entropy S show that in each case the total
entropy S and the well mixed region increases in area ini-
tially with θ(0) and then eventually decreases. For larger
values of I(0) the decrease in entropy begins to occur
for smaller values of θ(0). This behavior can be better
understood by examining the pseudo phase portraits of
the interaction of the two rotlets. When I(0) = 0.1, the
entropy rises until about θ ≈ pi/2 for η(0) and then de-
cays. In the pseudo phase portrait as θ(0) increases from
zero, the range of η(t) also increases. Figure 4 shows
the dynamics of the rotlets and the mixing produced by
them for two different cases of θ(0). In case (a) the value
6FIG. 3. Entropy S0 and the entropy field. The graph in the center shows the entropy S for five different values of I(0) with
varying θ(0) and in each case η(0) = 0. The images around the graph show the entropy field for a few initial configurations of
the rotlets, with the images in the top row for the case I(0) = 0.5, in the bottom row for I(0) = 0.1 and the right column for
I(0) = 0.7.
of η(t) varies between −0.0302 and 0.0302, i.e the dis-
tance of each of the rotlets from the center vary between√
0.0698 ≈ 0.2642 and √0.1302 ≈ 0.3608. The velocity
of each rotlet is dominated by the presence of the other
rotlet with the influence of the image systems being neg-
ligible. The trajectories of two rotlets always stay within
a small annulus as shown in fig. 4(a) leading to a region
of poor mixing shown in the locational entropy plot in
the top panel of fig. 4. A blob of fluid initially located
within this poorly mixed region does not experience sig-
nificant stretching and folding and stays poorly mixed
with the rest of the fluid. A blob of fluid starting in
the high locational entropy region does stretch, fold and
spread throughout a thin outer region but this is insuf-
ficient to achieve high values of total entropy S. Con-
versely when the initial conditions are (θ = 0.4pi, η = 0),
the orbit in the pseudo phase portrait shows a large vari-
ation in η from almost −0.1 to 0.1. This means that
the distance of the two rotlets from center varies of zero
to
√
0.2 ≈ 0.4472; with the orbits of the rotlets thus
covering a larger area within the circular domain. This
allows the fluid to be more uniformly mixed throughout
a central core of the domain, except for some unmixed
islands, producing a region with a high location entropy.
The lower panel in fig. 4 shows the mixing of two blobs
of fluid, that experience rapid stretching and folding and
mixing in this central region. Here it is worth empha-
sizing that the locational entropy plots show the entropy
field computed at t = 10 assigned to spatial locations
fixed at initial time. The entropy field moves (in a la-
grangian sense) with the rotlets and hence the blob plots
in the lower panel show the unmixed island at locations
different from that in the locational entropy plot.
For larger values of I(0) the pseudo phase portrait is
different and the entropy S shows an initial increase with
θ(0) and then decreases for larger values of θ(0). Figure.
5 shows the mixing in two cases of θ(0) for I(0) = 0.5.
In case (a) θ(0) = 0.4pi and the trajectory of the rotlets
7FIG. 4. Mixing dynamics for I(0) = 0.1. (a) The initial conditions are (θ(0) = 0.1pi, η(0) = 0). The top panel shows the
trajectories of the two rotlets, the locational entropy plot at t = 10 and the poor mixing of two blobs of fluid. (b) The initial
conditions are (θ(0) = pi/2, η(0) = 0). The left and bottom panels show the trajectories of the rotlets, the locational entropy
plot and the motion and mixing of two blobs of fluid in the time interval [0, 10]. On the pseudo phase protrait in the center the
orbits (θ(t), η(t)) are shown for both the cases. The interior (red) orbit is for case (a) and the outer (blue) orbit is for case (b).
is confined to a thin annulus. In the pseduo phase por-
trait, the orbit for this case is shown in red, with η(t)
varying very slowly for large changes in θ(t). Essentially
the rotlets never get close to each other. These dynamics
produce slow mixing in an outer annulus with the loca-
tional entropy in this band being almost 0.5 but leaves
a large central region poorly mixed. The blob plots in
the top panel show the motion of three blobs, with the
blobs in the outer region mixing with each other, but the
blob in the central region remaining coherent with very
little deformation. In case (b) when θ(0) = 0.2pi, η(t)
shows larger variation but over a smaller change in θ(t).
The rotlets move close to and away from each other in
a dance as the trajectories in fig. 5(b) show producing
a well mixed region through out the domain except for
a thin outer region. The lower panel in fig. 5(b) shows
the dynamics of two blobs for this case, as the rotlets
move in and away from each other material lines from
these blobs are wrapped around both rotlets resulting in
rapid stretching and folding. As I(0 increases the graph
of entropy (fig. 3) S shows a decline for smaller values
of θ(0). This is because of the saddle like points lying
on the η = 0 line in the pseudo phase portraits move
towards θ = 0 and θ = 2pi as I(0) increases. Orbits not
enclosing θ = 0 lead to rotlet motion and mixing dynam-
ics qualitatively similar to case (a) in fig. 5, explaining
the decline in S for larger values of θ(0).
One qualitative set of initial conditions of rotlets re-
main whose mixing dynamics is not explored in fig. 3.
For I > 0.119 initial conditions (θ = pi, η 6= 0) produce
qualitatively different trajectories of the rotlets. When
0.119 < I(0) < 0.22 and (θ(0) = pi, 0 < |η(0)| ≤ I(0)),
8FIG. 5. Mixing for I(0) = 0.5. (a) The initial conditions are (θ(0) = 0.2pi, η(0) = 0). The top panel shows the trajectories of
the two rotlets, the locational entropy plot at t = 10 and the poor mixing of the interior (green) blob of fluid with the blobs
closer to the boundary (red and blue). The two outer blobs mix well in a thin outer annulus. (b) The initial conditions are
(θ(0) = 0.4pi, η(0) = 0). The left and bottom panels show the trajectories of the rotlets, the locational entropy plot and the
motion and mixing of two blobs of fluid in the time interval [0, 10]. On the pseudo phase protrait in the center the orbits
(θ(t), η(t)) are shown for both the cases. The interior (red) orbit is for case (a) and the outer (blue) orbit is for case (b).
then η(t) never changes sign. As the pseudo phase por-
trait for this case, fig. 2(d), shows as |η(0)| increases
the variation in the distance of the rotlets from the cen-
ter decreases, decreasing the area covered by the rotlets
and the entropy S. This trend can be observed in fig.
6. When I(0) > 0.22, the pseudo phase portraits have
center type fixed point at (θ = pi, η = 0), around which
nearly closed orbits exist within a region bounded by
heteroclinic trajectories connecting the saddle points, see
fig. 2(b)-(c). Longer orbits around the center type fixed
point produce better mixing. The entropy therefore in-
creases initially with increasing η(0). However once the
initial conditions cross the heteroclinic trajectories, the
motion of the rotlets is such that η(t) does not change
sign; in fact in such cases η(t) changes relatively very
little for the entire range of 0 ≤ θ(t) ≤ 2pi. The rot-
let trajectories in the circle are such that they remain at
a nearly constant distance from the center. At closest
approach of the two rotlets, when θ = 0 (or θ = 2pi)
is r22 − r21 = I + η − (I − η) = 2η. As η(0) increases,
min(r22 − r21) approaches 2η(0), i.e. even at closest ap-
proach the distance between the rotlets is still large and
little fluid is pushed from the innner rotlet to the outer
rotlet (or vice versa). Figure 6 shows this decreasing en-
tropy for larger values of η(0).
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FIG. 6. Entropy S for I(0) > 0.119. Initial conditions for all
the cases are (θ(0) = pi, η(0) > 0). The initial value η(0) is
shown on the horizontal axis.
IV. CONCLUSION
The interactive dynamics of two micro rotors modeled
as two rotlets in a Stokes fluid in confined circular do-
main can act as mobile micromixers. The dynamics of
the rotlets themselves are no longer Hamiltonian and the
angular impulse of the system is not conserved. For al-
most all initial conditions of the rotlets, the motion of
the fluid is such that there are regions of the domain
with chaotic mixing. For subsets of initial conditions of
rotlets, the region of chaotic mixing of the fluid is very
large approaching the entire domain. The paper presents
a complete parametric investigation of the mixing of the
fluid and identified the qualitative trends in the loca-
tional entropy field and the overall entropy of the fluid
due to the chaotic advection of the fluid. These qualita-
tive trends are related to the pseudo phase portraits of
the system, that is made possible by the fact the two-
rotlet system is nearly Hamiltonian.
The mixing dynamics due to the two rotlet system can
have an advantageous physical realization over the case
of the well known blinking vortices (or blinking rotlets).
Blinking singularities require physical stirrers with piece-
wise continuous (in time) operation. The mobile rotlets
investigated in this paper have smooth motion and can
in theory be placed anywhere in the domain. In recent
work [26, 27], the authors showed the possibility of steer-
ing two spinning spheres with a single control input (such
as a magnetic field) to any desired location in a circular
domain. Such techniques can be useful to create micro-
rotors as controllable mobile micromixers, whose initial
positions can be steered to realize orbits in any of the
pseudo phase portraits. The work presented in this pa-
per illuminates where such microrotors should be steered
to initially to produce fast mixing of the fluid.
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